Introduction
Sonar sensors in common use today (e.g., the Polaroid sensor) produce with reasonable accuracy the range to the nearest surface, but the direction to that surface is not explicitly de- termined ; rather, the surface is known to lie within a certain spread of angle centered about the line of direction of the sensor (e.g., 22 .5° for the Polaroid sensor; see Figure 1 ). Multiple sonar readings are required to disambiguate the location (pose) of the reflecting surface. Several researchers have investigated the use of sonar in mobile robotics (Bozma and Kuc 1991; Crowley 1985; Elfes 1987 ; DurrantWhyte 1991,1992 ; Matthies and Elfes 1988) , and others have directly addressed the problem of wall detection (Barshan and Kuc 1990 ; Borenstein and Koren 1995;  Kleeman and Kuc 1995; Peremans, Audenaert, and Campenhout 1993), or have shown the minimum number and arrangement of sonar sensors to detect obstacles (Kuc 1990 (Kuc , 1991 . However, no one has addressed the optimal pose recovery of planar surfaces in sonar data (see Henderson, Briiderlin, et al. 1996; . In this paper, we address the simplest version of the k-wall/m-sonar (kWmS) problem :
Problem. Given m sonar transmitter/receiver sensors situated on a circular ring placed in a k wall
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The sonar sensor is assumed to have a nonzero beam spread (e.g., 22 .5° degrees for a Polaroid sensor), and optimal is defined in terms of the recovery of the wall's pose with the minimum number of sensors used and moves made. Figure 3 shows a sample set of lines for a = 1 and r = 2, whereas Figure 4 shows the sonar distance from a second sonar (rotated -Jr /6 from the first) to each of these lines; as can be seen, the plot of distance decreases monotonically, and this makes it possible to use the second sonar range to ascertain the line that gives rise to the two readings.
Suppose we are given a single sonar located at s on a circular platform of radius a as shown in Figure 1, vicinity of the sonar and it reflects a signal (i.e., it intersects the sonar wedge), and the wall may be a diffuse reflector. Figure 5 shows the three qualitatively different sets of possible lines that could have produced a range reading of r. The qualitative line sets are as follows:
1. S 1: The set of lines found by rotating (clockwise) 10 about E into d2. We will show that the line that caused the range return value of r can be disambiguated by taking one more sonar reading after rotating the sonar sensor about the origin by an amount less than ZAEC (call this angle a) to the new position B.
The sonar range distances from B to the lines in sets S1, S2, and S3 are monotonically decreasing, which permits a simple determination of the line that produced r (in fact, the discontinuities between the range to lines in S and lines in S2 can be seen at line 100 in Figure 4 and at line 200 for lines in S2 and S3).
Consider a clockwise rotation of angle 9 of the sonar located at A rotated about 0 from A to B, where 0 < 9 < a (see Figure 6 ). Any ray in the second sonar scan to the right of 11 will intersect all lines in S1 at a greater distance than 11 will. In addition, the distance along 11 monotonically decreases The angle between the first and second sonar locations +-+ cannot exceed a, the angle between the lines lo and AE ( Figure 6 ).
+-+
The line BA (Figure 7) should not cut the arc EF (Figure 6) . Fig. 9 . Notation used in the algorithm.
As long as the sonar sensor is rotated a nonzero amount about the center of the nonzero radius sonar ring, but less than the angle made by a tangent to the robot that goes through the sector comers, the pose of the wall can be found, and the proof applies. C and P play the roles of the first and second sonar locations, respectively.
3. An Implementation Given two sonar readings r1 and r2, we can determine the pose of the wall, assuming that the wall is flat and in the field of view of both sensors. First, let us define some points as shown in Figure 9 . 1. draw a tangent line from point 8t to the arc of sector Sl (see Figure 10) Figure 11; 4. if the distance from the point S' to that tangent is greater than or equal to ri, the wall is in the second region, and the tangent to sector Sl that goes through 8i represents the wall; 5. or else, the wall is in the third region ( Figure 12) and is represented by the common tangent to the two arcs.
. Or else, if rl > r2, 1. draw a tangent line from point 8:; to the arc of the sensor at S2 (see Figure 14) ; Figure 13 ; 4. if the distance from the point S2 to that tangent is greater than or equal to r2, the wall is in the fourth region, and the tangent to sector S2 that goes through Si represents the wall; 5. or else, the wall is in the third region ( Figure 12) and is represented by the common tangent to the two arcs.
The only task that remains is to find the common tangent to two circles. Figure 15 shows the basic idea of finding the common tangent. We connect the two centers C and P and 
Experimental Results
In practice, sonar sensors located on a ring and with at most 18° difference in their directions can be used pairwise to recover hypotheses about walls present in the environment (this is because a sonar-wall incident angle of greater than 60° is necessary to get a return with the Polaroid sensor). We present here some experimental data taken with walls located in known positions with respect to the sonar ring and compare the calculated poses.
First, we consider the setup shown in Figure 16 . A simulation of this setup results in the error curves shown in Figure 17 (distance) and Figure 18 (angle). This error is a result of numerical round-off error.
In the experiment, a wall (a large modular office partition In the next experiment, the robot interacted with actual walls in an office. The pose of the walls was measured with respect to a frame in which the center of the sonar ring is in the origin and the location of the front sonar is the ~-axis. Figure 20 shows the angle error between the computed wall orientation and the actual wall orientation. Figure 21 shows the distance error between the computed wall and the actual wall (where distance is the normal distance from the origin to the wall). Henderson, Briiderlin, et al. 1996) .
Given that the smallest angle that provides a sonar return is about 60°, it is necessary to have at least 20 sonar sensors equally spaced and no more than 18° apart to be able to detect a wall within sonar range of a mobile platform (also see Kuc 1991 ). Our particular Labmate has a 24-sonar ring with sensors spaced 15° apart and was used for the experiments described here. The idea is that this method permits hypothesis testing on any possible wall. The hypotheses can then be refined by moving and taking more readings.
We are also studying the kWmS problem in more generality. We believe that the equations and specific constraints can be solved in the multiple wall, multiple sonar case as well. It may be possible to use the 1 W 1 S solution with additional hypotheses (e.g., two walls at a given angle) to solve the more general problem.
